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Abstract
We derive predictions for the Nadir angle (θn) dependence of the ratio Nµ−/Nµ+ of
the rates of the µ− and µ+ multi-GeV events, and for the µ−−µ+ event rate asymmetry,
Aµ−µ+ = [N(µ
−)−N(µ+)]/[N(µ−)+N(µ+)], in iron-magnetized calorimeter detectors
(MINOS, INO, etc.) in the case of 3-neutrino oscillations of the atmospheric νµ and
ν¯µ, driven by one neutrino mass squared difference, |∆m231| ∼ (2.0−3.0)×10−3 eV2 ≫
∆m221. The asymmetry Aµ−µ+ (the ratio Nµ−/Nµ+) is shown to be particularly sen-
sitive to the Earth matter effects in the atmospheric neutrino oscillations, and thus
to the values of sin2 θ13 and sin
2 θ23, θ13 and θ23 being the neutrino mixing angle
limited by the CHOOZ and Palo Verde experiments and that responsible for the dom-
inant atmospheric νµ → ντ (ν¯µ → ν¯τ ) oscillations. It is also very sensitive to the
type of neutrino mass spectrum which can be with normal (∆m231 > 0) or with in-
verted (∆m231 < 0) hierarchy. We find that for sin
2 θ23 >∼ 0.50, sin2 2θ13 >∼ 0.06 and
|∆m231| = (2−3)×10−3 eV2, the Earth matter effects produce a relative difference bet-
ween the integrated asymmetries A¯µ−µ+ and A¯
2ν
µ−µ+
in the mantle (cos θn = 0.30−0.84)
and core (cos θn = 0.84−1.0) bins, which is bigger in absolute value than approximately
∼ 15%, can reach the values of (30− 35)%, and thus can be sufficiently large to be ob-
servable. The sign of the indicated asymmetry difference is anticorrelated with the sign
of ∆m231. An observation of the Earth matter effects in the Nadir angle distribution
of the asymmetry Aµ−µ+ (ratio Nµ−/Nµ+) would clearly indicate that sin
2 2θ13 >∼ 0.06
and sin2 θ23 >∼ 0.50, and would lead to the determination of the sign of ∆m231.
∗Also at: Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 1784 Sofia,
Bulgaria.
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1 Introduction
There has been a remarkable progress in the studies of neutrino oscillations in the last
several years. The experiments with solar, atmospheric and reactor neutrinos [1, 2, 3, 4,
5, 6, 7] have provided compelling evidences for the existence of neutrino oscillations driven
by nonzero neutrino masses and neutrino mixing. Evidences for oscillations of neutrinos
were obtained also in the first long baseline accelerator neutrino experiment K2K [8]. It was
predicted already in 1967 [9] that the existence of solar neutrino oscillations would cause a
deficit of solar neutrinos detected on Earth. The hypothesis of solar neutrino oscillations,
which in one variety or another were considered starting from the late 60’s as the most natural
explanation of the observed [1, 2] solar neutrino deficit (see, e.g., refs. [9, 10, 11, 12]), has
received a convincing confirmation from the measurement of the solar neutrino flux through
the neutral current reaction on deuterium by the SNO experiment [4, 5], and by the first
results of the KamLAND experiment [7]. The analysis of the solar neutrino data obtained
by Homestake, SAGE, GALLEX/GNO, Super-Kamiokande and SNO experiments showed
that the data favor the Large Mixing Angle (LMA) MSW solution of the solar neutrino
problem (see, e.g., ref. [4]). The first results of the KamLAND reactor experiment [7] have
confirmed (under the very plausible assumption of CPT-invariance) the LMA MSW solution,
establishing it essentially as a unique solution of the solar neutrino problem.
The latest addition to this magnificent effort is the evidence presented recently by the
Super-Kamiokande (SK) collaboration for an “oscillation dip” in the L/E−dependence, of
the (essentially multi-GeV) µ−like atmospheric neutrino events 1 [13], L and E being the
distance traveled by neutrinos and the neutrino energy. As is well known, the SK atmospheric
neutrino data is best described in terms of dominant 2-neutrino νµ → ντ (ν¯µ → ν¯τ ) vacuum
oscillations with maximal mixing, sin2 2θ23 ∼= 1. The observed dip is predicted due to the
oscillatory dependence of the νµ → ντ and ν¯µ → ν¯τ oscillation probabilities, P (νµ → ντ ) ∼=
P (ν¯µ → ν¯τ ), on  L/E. The dip in the observed L/E distribution corresponds to the first
oscillation minimum of the νµ (ν¯µ) survival probability, P (νµ → νµ) = 1 − P (νµ → ντ ),
as L/E increases starting from values for which ∆m231L/(2E) ≪ 1 and P (νµ → νµ) ∼= 1,
∆m231 being the neutrino mass squared difference responsible for the atmospheric νµ and ν¯µ
oscillations. This beautiful result represents the first ever observation of a direct effect of
the oscillatory dependence on L/E of the probability of neutrino oscillations in vacuum.
The interpretation of the solar and atmospheric neutrino, and of KamLAND data in terms
of neutrino oscillations requires the existence of 3-neutrino mixing in the weak charged lepton
current (see, e.g., ref. [14]):
νlL =
3∑
j=1
Ulj νjL . (1)
Here νlL, l = e, µ, τ , are the three left-handed flavor neutrino fields, νjL is the left-handed
field of the neutrino νj having a mass mj and U is the Pontecorvo-Maki-Nakagawa-Sakata
1The sample used in the analysis of the L/E dependence consists of µ−like events for which the relative
uncertainty in the experimental determination of the L/E ratio does not exceed 70%.
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(PMNS) neutrino mixing matrix [15],
U =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13


(2)
where we have used a standard parametrization of U with the usual notations, sij ≡ sin θij ,
cij ≡ cos θij , and δ is the Dirac CP-violation phase 2. If one identifies ∆m221 > 0 and ∆m231
with the neutrino mass squared differences which drive the solar and atmospheric neutrino
oscillations, the data suggest that |∆m231| ≫ ∆m221. In this case θ12 and θ23, represent the
neutrino mixing angles responsible for the solar and the dominant atmospheric neutrino
oscillations, θ12, θ23, while θ13 is the angle limited by the data from the CHOOZ and Palo
Verde experiments [19, 20].
The 3-neutrino oscillations of the solar νe depend in the case of interest, |∆m231| ≫ ∆m221,
not only on ∆m221 and θ12, but also on θ13. A combined 3-neutrino oscillation analysis of
the solar neutrino, CHOOZ and KamLAND data showed [21] that for sin2 θ13 <∼ 0.05 the
allowed ranges of the solar neutrino oscillation parameters do not differ substantially from
those derived in the 2-neutrino oscillation analyzes (see, e.g., refs. [5, 22]). A description of
the indicated data in terms of νe → νµ,τ and ν¯e → ν¯µ,τ oscillations is possible (at 99.73%
C.L.) for sin2 θ13 <∼ 0.075. The data favor the LMA-I MSW solution (see, e.g., refs. [21, 22])
with ∆m221
∼= 7.2 × 10−5 eV2 and sin2 θ12 ∼= 0.30. The LMA-II solution, corresponding to
∆m221
∼= 1.5×10−4 eV2 and approximately the same value of sin2 θ12, is severely constrained
by the fact [23] that the ratio of the rates of the CC and NC reactions on deuterium, measured
with a relatively high precision in SNO during the salt phase of the experiment [5], turned
out to be definitely smaller than 0.50. This solution is currently allowed by the data only at
99.13% C.L. [21].
The preliminary results of the most recent improved analysis of the SK atmospheric
neutrino data, performed by the SK collaboration, gave at 90% C.L. [24]
1.3 × 10−3 eV2 ≤ |∆m231| ≤ 3.1 × 10−3 eV2 , 0.90 ≤ sin2 2θ23 ≤ 1.0, (3)
with best fit values |∆m231| = 2.0× 10−3 eV2 and sin2 2θA = 1.0. Adding the K2K data [8],
the authors [25] find the same results for sin2 2θA, the same |∆m231| best fit value and
1.55 × 10−3 eV2 <∼ |∆m231| <∼ 2.60 × 10−3 eV2 , 90% C.L. (4)
Earlier combined analyzes of the SK atmospheric neutrino and the K2K data produced
somewhat larger values of |∆m231|: the best fit value and the 90% C.L. allowed interval
of values, found, e.g., in ref. [26] read |∆m231| = 2.6 × 10−3 eV and 2.0 × 10−3 eV2 <∼
|∆m231| <∼ 3.2× 10−3 eV2. Finally, the values of |∆m231| and sin2 2θ23, deduced from the SK
analysis of the L/E dependence of the observed µ−like atmospheric neutrino events [13],
are comfortably compatible with the values obtained in the other analyzes: |∆m231| = 2.4×
10−3 eV, sin2 2θ23 = 1 (best fit), and 1.9 × 10−3 eV2 <∼ |∆m231| <∼ 3.0 × 10−3 eV2, 0.90 ≤
sin2 2θ23 ≤ 1.0 (90% C.L.). We will use in our further discussion as illustrative the values
|∆m231| = (2.0; 3.0)× 10−3 eV2 and sin2 2θ23 = 0.92; 1.0.
2We have not written explicitly the two possible Majorana CP-violation phases [16, 17] which do not
enter into the expressions for the oscillation probabilities of interest [16, 18].
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Let us note that the atmospheric neutrino and K2K data do not allow one to determine
the signs of ∆m231, and of cos 2θ23 if sin
2 2θ23 6= 1.0. This implies that in the case of 3-
neutrino mixing one can have ∆m231 > 0 or ∆m
2
31 < 0. The two possibilities correspond to
two different types of neutrino mass spectrum: with normal hierarchy (NH), m1 < m2 < m3,
and with inverted hierarchy (IH), m3 < m1 < m2. The fact that the sign of cos 2θ23 is not
determined when sin2 2θ23 6= 1.0 implies that when, e.g., sin2 2θ23 = 0.92, two values of
sin2 θ23 are possible, sin
2 θ23 ∼= 0.64 or 0.36.
The precise limit on the angle θ13 from the CHOOZ and Palo Verde data is ∆m
2
31−
dependent (see, e.g, ref. [27]). Using the 99.73% allowed range of ∆m231 = (1.1 − 3.2) ×
10−3 eV2, from ref. [25], one gets from a combined 3-neutrino oscillation analysis of the solar
neutrino, CHOOZ and KamLAND data [21]:
sin2 θ13 < 0.047 (0.074), 90% (99.73%) C.L. (5)
The global analysis of the solar, atmospheric and reactor neutrino data performed in ref. [28]
gives sin2 θ13 < 0.054 at 99.73% C.L.
It is difficult to overestimate the importance of getting more precise information about
the value of the mixing angle θ13, of determining the sign of ∆m
2
31, or the type of the neutrino
mass spectrum (with normal or inverted hierarchy), and of measuring the value of sin2 θ23
with a higher precision, for the future progress in the studies of neutrino mixing. Although
this has been widely recognized, let us repeat the arguments on which the statement is based.
The mixing angle θ13, or the absolute value of the element Ue3 of the PMNS matrix,
|Ue3| = sin θ13, plays a very important role in the phenomenology of the 3-neutrino oscilla-
tions. It drives the sub-dominant νµ ↔ νe (ν¯µ ↔ ν¯e) oscillations of the atmospheric νµ (ν¯µ)
and νe (ν¯e) [29, 30]. The value of θ13 controls also the νµ → νe, ν¯µ → ν¯e, νe → νµ and ν¯e → ν¯µ
transitions in the long baseline neutrino oscillation experiments (MINOS, CNGS), and in
the widely discussed very long baseline neutrino oscillation experiments at neutrino factories
(see, e.g., refs. [31, 32, 33]). The magnitude of the T-violating and CP-violating terms in
neutrino oscillations probabilities is directly proportional to sin θ13 (see, e.g., refs. [34, 35]).
If the neutrinos with definite mass are Majorana particles (see, e.g., ref. [11]), the pre-
dicted value of the effective Majorana mass parameter in neutrinoless double β−decay de-
pends strongly in the case of normal hierarchical or partially hierarchical neutrino mass
spectrum on the value of sin2 θ13 (see, e.g., ref. [36]).
The sign of ∆m231 determines, for instance, which of the transitions (e.g., of atmospheric
neutrinos) νµ → νe and νe → νµ, or ν¯µ → ν¯e and ν¯e → ν¯µ, can be enhanced by the Earth
matter effects [37, 38, 39]. The predictions for the neutrino effective Majorana mass in
neutrinoless double β−decay depend critically on the type of the neutrino mass spectrum
(normal or inverted hierarchical) [36, 40]. The knowledge of the value of θ13 and of the sign
of ∆m231 is crucial for the searches for the correct theory of neutrino masses and mixing as
well.
Somewhat better limits on sin2 θ13 than the existing one can be obtained in the MINOS,
OPERA and ICARUS experiments [41, 42]. Various options are being currently discussed
(experiments with off-axis neutrino beams, more precise reactor antineutrino and long base-
line experiments, etc., see, e.g., ref. [43]) of how to improve by at least an order of magnitude,
i.e., to values of ∼ 0.005 or smaller, the sensitivity to sin2 θ13. The sign of ∆m231 can be de-
termined in very long baseline neutrino oscillation experiments at neutrino factories (see,
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e.g., refs. [31, 32]), and, e.g, using combined data from long baseline oscillation experiments
at the JHF facility and with off-axis neutrino beams [44]. If the neutrinos with definite mass
are Majorana particles, it can be determined by measuring the effective neutrino Majorana
mass in neutrinoless double β−decay experiments [36, 40]. Under certain rather special
conditions it might be determined also in experiments with reactor ν¯e [45].
In the present article we study possibilities to obtain information on the value of sin2 θ13
and on the sign of ∆m231 using the data on atmospheric neutrinos, which can be obtained in
experiments with detectors able to measure the charge of the muon produced in the charged
current (CC) reaction by atmospheric νµ or ν¯µ. It is a natural continuation of our similar
study for water-Cˇerenkov detectors [46]. In the experiments with muon charge identification
it will be possible to distinguish between the νµ and ν¯µ induced events. As is well known,
the water-Cˇerenkov detectors do not have such a capability. Among the operating detectors,
MINOS has muon charge identification capabilities for multi-GeV muons [41]. The MINOS
experiment is currently collecting atmospheric neutrino data. The detector has relatively
small mass, but after 5 years of data-taking it is expected to collect about 440 atmospheric
νµ and about 260 atmospheric ν¯µ multi-GeV events (having the interaction vertex inside the
detector). There are also plans to build a 30-50 kton magnetized tracking iron calorimeter
detector in India within the India-based Neutrino Observatory (INO) project [47]. The
INO detector will be based on MONOLITH design [48]. The primary goal is to study the
oscillations of the atmospheric νµ and ν¯µ. This detector is planned to have efficient muon
charge identification, high muon energy resolution (∼ 5%) and muon energy threshold of
about 2 GeV. It will accumulate sufficiently high statistics of atmospheric νµ and ν¯µ induced
events in several years, which would permit to search for effects of the subdominant νµ → νe
(νe → νµ) and ν¯µ → ν¯e (ν¯e → ν¯µ) transitions.
If νµ and ν¯µ with energies Eν,ν¯ >∼ 2 GeV take part in 2-neutrino νµ → ντ and ν¯µ → ν¯τ
oscillations, one would have P (νµ → ντ ) = P (ν¯µ → ν¯τ ). If a given detector collects a
sample of atmospheric νµ and ν¯µ induced CC events with µ
± having energies exceeding a
few GeV, the difference between the µ− and µ+ event rates in magnetized iron detectors of
interest (MINOS, INO), apart from detector effects, would essentially be due to the difference
between the νµ and ν¯µ charged current (CC) deep inelastic scattering cross sections. In
the case of 3-neutrino oscillations of the atmospheric νµ, ν¯µ, νe and ν¯e, the Earth matter
effects can generate a difference between the νµ → νe (νe → νµ) and ν¯µ → ν¯e (ν¯e → ν¯µ)
transitions. For ∆m221 ≪ |∆m231|, which is implied by the current solar and atmospheric
neutrino data, and if sin2 θ13 6= 0, the Earth matter effects can resonantly enhance either
the νµ → νe and νe → νµ, or the ν¯µ → ν¯e and ν¯e → ν¯µ transitions, depending on the sign
of ∆m231. The effects of the enhancement can be substantial for sin
2 θ13 >∼ 0.01. Under
the condition ∆m221 ≪ |∆m231|, the expressions for the probabilities of νµ → νe (νe → νµ)
and ν¯µ → ν¯e (ν¯e → ν¯µ) transitions contain also sin2 θ23 as a factor which determines their
maximal values. Since the fluxes of multi-GeV νµ and νe (ν¯µ and ν¯e) differ considerably
(by a factor ∼ (2.6 − 4.5) for Eν,ν¯ ∼ (2 − 10) GeV), the Earth matter effects can create a
substantial difference between the µ− and µ+ rates of events, produced by the atmospheric
νµ and ν¯µ in MINOS, INO, or any other detector of the same type. This difference can be
relatively large and observable in the samples of the multi-GeV µ± events (Eµ ∼ (2 − 10)
GeV), in which the muons are produced by atmospheric neutrinos with relatively large path
length in the Earth, i.e., by neutrinos crossing deeply the Earth mantle [32, 33] or the mantle
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and the core [29, 50, 51, 52]. These are the neutrinos for which [46] cos θn >∼ (0.3 − 0.4), θn
being the Nadir angle characterizing the (atmospheric) neutrino trajectory in the Earth.
For ∆m231 > 0, the νµ → νe (ν¯µ → ν¯e) and νe → νµ (ν¯e → ν¯µ) transitions in the Earth
lead to a reduction of the rate of the multi-GeV µ− events observable in MINOS, INO, etc.,
with respect to the case of absence of these transitions (see, e.g., refs. [29, 49, 50, 51, 53]).
If ∆m231 < 0, the µ
+ event rate will be reduced. Correspondingly, as observable which is
sensitive to the Earth matter effects, and thus to the value of sin2 θ13 and the sign of ∆m
2
31, as
well as to sin2 θ23, we can consider the Nadir-angle distribution of the ratio N(µ
−)/N(µ+) of
the multi-GeV µ− and µ+ event rates, or, equivalently, of the µ−−µ+ event rate asymmetry
Aµ−µ+ = [N(µ
−)−N(µ+)]/[N(µ−) +N(µ+)]. The systematic uncertainty, in particular, in
the Nadir angle dependence of N(µ−)/N(µ+), and correspondingly in the asymmetry Aµ−µ+ ,
can be smaller than those on the measured Nadir angle distributions of the rates of µ− and
µ+ events, N(µ−) and N(µ+).
We have obtained predictions for the Nadir-angle distribution of Aµ−µ+ in the case of
3-neutrino oscillations of the atmospheric νµ, ν¯µ, νe and ν¯e, both for neutrino mass spectra
with normal (∆m231 > 0) and inverted (∆m
2
31 < 0) hierarchy, (A
3ν
µ−µ+)NH, (A
3ν
µ−µ+)IH, and for
sin2 θ23 = 0.64; 0.50; 0.36. These are compared with the predicted Nadir-angle distributions
of the same asymmetry in the case of 2-neutrino νµ → ντ and ν¯µ → ν¯τ oscillations of
the atmospheric νµ and ν¯µ (i.e., for sin
2 θ13 = 0), A
2ν
µ−µ+ . Predictions for the three types
of asymmetries indicated above of the suitably integrated Nadir angle distributions of the
µ− and µ+ multi-GeV event rates are also given. Our results show, in particular, that for
sin2 θ23 >∼ 0.50 and sin2 2θ13 >∼ 0.06 the effects of the Earth matter enhanced subdominant
transitions of the atmospheric neutrinos, νµ → νe and and νe → νµ, or ν¯µ → ν¯e and ν¯e → ν¯µ,
can be sufficiently large to be observable with INO and possibly with MINOS detectors.
Conversely, if the indicated effects are observed in the MINOS and/or INO experiments,
that would imply that sin2 2θ13 >∼ 0.05, sin2 θ23 >∼ 0.50 and at the same time would permit
to determine the sign of ∆m231 and thus to answer the fundamental question about the type
of hierarchy - normal or inverted, the neutrino mass spectrum has.
Let us note that the Earth matter effects in atmospheric neutrino oscillations have been
widely studied (for recent detailed analyzes see, e.g., refs. [52, 46], which contain also a
rather complete list of references to earlier work on the subject). A rather detailed analysis
for the MONOLITH detector has been performed in ref. [53]. A large number of studies
have been done for the Super-Kamiokande detector, or more generally, for water-Cˇerenkov
detectors. In ref. [46], in particular, the magnitude of the Earth matter effects in the Nadir
angle distribution of the ratio of the multi-GeV µ−like and e−like events, measured in
water-Cˇerenkov detectors, Nµ/Ne, has been investigated. This Nadir angle distribution is
the observable most sensitive to the matter effects of interest. It was concluded that for
sin2 θ23 >∼ 0.50, sin2 θ13 >∼ 0.01 and ∆m231 > 0, the effects of the Earth matter enhanced
νµ → νe and νe → νµ transitions of the atmospheric νµ and νe, might be observable with
the Super-Kamiokande detector. However, determining the sign of ∆m231 would be quite
challenging in this experiment (or its bigger version - Hyper-Kamiokande [54]). In general,
the matter effects in the Nadir angle distribution of the ratio of the multi-GeV µ−like and
e−like events, Nµ/Ne, which can be measured in the Super-Kamiokande or other water-
Cˇerenkov detectors, are smaller than the matter effects in the Nadir angle distribution of the
ratio of the multi-GeV µ− and µ+ events, N(µ−)/N(µ+), which can be measured in MINOS,
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INO, or any other atmospheric neutrino experiment with sufficiently good muon charge
identification. The reason is that in the case of water-Cˇerenkov detectors, approximately
2/3 of the rate of the multi-GeV µ − like events is due to νµ, and ∼ 1/3 is due to ν¯µ;
similar partition is valid for the multi-GeV e−like events. Depending on the sign of ∆m231,
the matter effects enhance either the neutrino transitions, νµ → νe and and νe → νµ, or
the antineutrino transitions, ν¯µ → ν¯e and ν¯e → ν¯µ, but not both types of transitions.
Correspondingly, because the νµ,e− and ν¯µ,e− induced events are indistinguishable in water-
Cˇerenkov detectors, only ∼ 2/3 or ∼ 1/3 of the events in the multi-GeV µ−like and e−like
samples collected in these detectors are due to neutrinos whose transitions can be enhanced
by matter effects. This effectively reduces the magnitude of the matter effects in the samples
of multi-GeV µ−like and e−like events. Obviously, such a “dilution” of the magnitude of
the matter effects does not take place in the samples of the multi-GeV µ− and µ+ events,
which can be collected in MINOS and INO experiments, i.e., in the experiments with muon
charge identification.
2 Subdominant 3-ν Oscillations of Multi-GeV Atmo-
spheric Neutrinos in the Earth
In the present Section we review the physics of the subdominant 3-neutrino oscillations
of the multi-GeV atmospheric neutrinos in the Earth (see, e.g., ref. [46]).
The subdominant νµ → νe (ν¯µ → ν¯e) and νe → νµ(τ) (ν¯e → ν¯µ(τ)) oscillations of the multi-
GeV atmospheric neutrinos of interest should exist and their effects could be observable if
three-flavor-neutrino mixing takes place in vacuum, i.e., if sin2 2θ13 6= 0, and if sin2 2θ13 is
sufficiently large [29, 51, 52]. These transitions are driven by ∆m231. The probabilities of
the transitions contain sin2 θ23 as factor which determines their maximal value (see further).
For ∆m231 > 0, the νµ → νe (ν¯µ → ν¯e) and νe → νµ(τ) (ν¯e → ν¯µ(τ)) transitions of the
multi-GeV atmospheric neutrinos, are amplified (suppressed) by the Earth matter effects;
if ∆m231 < 0, the transitions of neutrinos are suppressed and those of antineutrinos are
enhanced. Therefore for a given sign of ∆m231, the Earth matter affects differently the
transitions of neutrinos and antineutrinos. Thus, the study of the subdominant atmospheric
neutrino oscillations can provide information, in particular, about the type of neutrino mass
hierarchy (or sign of ∆m231), the magnitude of sin
2 θ13 and the octant where θ23 lies.
Under the condition |∆m231| ≫ ∆m221, which the neutrino mass squared differences de-
termined from the existing atmospheric and solar neutrino and KamLAND data satisfy, the
relevant 3-neutrino νµ → νe (ν¯µ → ν¯e) and νe → νµ(τ) (ν¯e → ν¯µ(τ)) transition probabilities
reduce effectively to a 2-neutrino transition probability [55] with ∆m231 and θ13 playing the
role of the relevant 2-neutrino oscillation parameters.
The 3-neutrino oscillation probabilities of interest for atmospheric νe,µ having energy
E and crossing the Earth along a trajectory characterized by a Nadir angle θn, have the
following form [55]:
P3ν(νe → νe) ∼= 1− P2ν , (6)
P3ν(νe → νµ) ∼= P3ν(νµ → νe) ∼= s223 P2ν , (7)
P3ν(νe → ντ ) ∼= c223 P2ν , (8)
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P3ν(νµ → νµ) ∼= 1− s423 P2ν − 2c223s223
[
1−Re (e−iκA2ν(ντ → ντ ))
]
, (9)
P3ν(νµ → ντ ) = 1− P3ν(νµ → νµ)− P3ν(νµ → νe). (10)
Here P2ν ≡ P2ν(∆m231, θ13;E, θn) is the probability of 2-neutrino νe → ν ′τ oscillations in the
Earth, where ν ′τ = s23νµ + c23ντ [55], and κ and A2ν(ντ → ντ ) ≡ A2ν are known phase and
2-neutrino transition probability amplitude [29, 30, 46].
The fluxes of atmospheric νe,µ of energy E, which reach the detector after crossing the
Earth along a given trajectory specified by the value of θn, Φνe,µ(E, θn), are given by the
following expressions in the case of the 3-neutrino oscillations under discussion [30]:
Φνe(E, θn)
∼= Φ0νe
(
1 + [s223r − 1] P2ν
)
, (11)
Φνµ(E, θn)
∼= Φ0νµ
(
1 + s423 [(s
2
23 r)
−1 − 1] P2ν − 2c223s223
[
1−Re (e−iκA2ν(ντ → ντ ))
])
,
(12)
where Φ0νe(µ) = Φ
0
νe(µ)
(E, θn) is the νe(µ) flux in the absence of neutrino oscillations and
r ≡ r(E, θn) ≡
Φ0νµ(E, θz)
Φ0νe(E, θz)
. (13)
The interpretation of the SK atmospheric neutrino data in terms of νµ → ντ oscillations
requires the parameter s223 to lie approximately in the interval (0.30 - 0.70), with 0.5 being
the statistically preferred value. For the predicted ratio r(E, θn) of the atmospheric νµ
and νe fluxes for i) the Earth core crossing and ii) only mantle crossing neutrinos, having
trajectories for which 0.3 <∼ cos θn ≤ 1.0, one has [56, 57, 58]: r(E, θz) ∼= (2.0 − 2.5) for
the neutrinos giving contribution to the sub-GeV samples of Super-Kamiokande events, and
r(E, θn) ∼= (2.6 − 4.5) for those giving the main contribution to the multi-GeV samples. If
s223 = 0.5 and r(E, θz)
∼= 2.0, we have (s223 r(E, θz) − 1) ∼= 0, ((s223 r(E, θz))−1 − 1) ∼= 0,
and the possible effects of the νµ → νe and νe → νµ(τ) transitions on the νe and νµ fluxes,
and correspondingly in the sub-GeV e−like and µ−like samples of events, would be strongly
suppressed independently of the values of the corresponding transition probabilities. For
the multi-GeV neutrinos one finds s423[1 − (s223 r(E, θz))−1] ∼= 0.06 − 0.14 (0.16 − 0.27) and
(s223 r(E, θz) − 1) ∼= 0.3 − 1.3 (0.66 − 1.9) for s223 = 0.5 (0.64). Obviously, the effects of
interest are much larger for the multi-GeV neutrinos than for the sub-GeV neutrinos. They
are also predicted to be larger for the flux of (and event rate due to) multi-GeV atmospheric
νe than for the flux of (and event rate due to) multi-GeV atmospheric νµ.
The same conclusions are valid for the effects of oscillations on the fluxes of, and event
rates due to, atmospheric antineutrinos ν¯e and ν¯µ. The formulae for anti-neutrino fluxes and
oscillation probabilities are analogous to those for neutrinos: they can be obtained formally
from eqs. (6) - (13) by replacing the neutrino related quantities - probabilities, κ, A2ν(ντ →
ντ ) and fluxes, with the corresponding quantities for antineutrinos: P2ν(∆m
2
31, θ13;E, θn)→
P¯2ν(∆m
2
31, θ13;E, θn), κ → κ¯, A2ν(ντ → ντ ) → A2ν(ν¯τ → ν¯τ ) ≡ A¯2ν , P3ν(νl → νl′) →
P3ν(ν¯l → ν¯l′), Φ(0)νe,µ(E, θn)→ Φ(0)ν¯e,µ(E, θn) and r(E, θn)→ r¯(E, θn) (see refs. [30, 46]).
Equations (6) - (9), (11) - (12) and the similar equations for antineutrinos imply that
in the case under study the effects of the νµ → νe, ν¯µ → ν¯e, and νe → νµ(τ), ν¯e → ν¯µ(τ),
oscillations i) increase with the increase of s223 and are maximal for the largest allowed value
of s223, ii) should be substantially larger in the multi-GeV samples of events than in the
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sub-GeV samples, and iii) in the case of the multi-GeV samples, for ∆m231 > 0 they lead to
a decrease of the µ− event rate, while if ∆m231 < 0, the µ
+ event rate will decrease. The last
point follows from the fact that the magnitude of the effects we are interested in depends
also on the 2-neutrino oscillation probabilities, P2ν and P¯2ν , and that P2ν or P¯2ν (but not
both probabilities) can be strongly enhanced by the Earth matter effects. In the case of
oscillations in vacuum we have P2ν = P¯2ν ∼ sin2 2θ13. Given the existing limits on sin2 2θ13,
the probabilities P2ν and P¯2ν cannot be large if the oscillations take place in vacuum.
If sin2 θ13 6= 0, the Earth matter effects can resonantly enhance either the νµ → νe and
νe → νµ, or the ν¯µ → ν¯e and ν¯e → ν¯µ transitions, depending on the sign of ∆m231. The
enhancement mechanisms are discussed briefly in the next subsection.
2.1 Enhancing Mechanisms
As is well-known, the Earth density distribution in the existing Earth models is assumed
to be spherically symmetric 3 and there are two major density structures - the core and the
mantle, and a certain number of substructures (shells or layers). The core radius and the
depth of the mantle are known with a rather good precision and these data are incorporated in
the Earth models. According to the Stacey 1977 and the more recent PREM models [59, 60],
which are widely used in the calculations of the probabilities of neutrino oscillations in the
Earth, the core has a radius Rc = 3485.7 km, the Earth mantle depth is approximately
Rman = 2885.3 km, and the Earth radius is R⊕ = 6371 km. The mean values of the
matter densities and the electron fraction numbers in the mantle and in the core read,
respectively: ρ¯man ∼= 4.5 g/cm3, ρ¯c ∼= 11.5 g/cm3, and [61] Y mane = 0.49, Y ce = 0.467.
The corresponding mean electron number densities in the mantle and in the core read:
N¯mane = ρ¯manY
man
e /mN
∼= 2.2 NAcm−3, N¯ ce = ρ¯cY ce /mN ∼= 5.4 NAcm−3, mN and NA being
the nucleon mass and Avogadro number.
Numerical calculations show [29, 34] that, e.g., the νe → νµ oscillation probability of in-
terest, calculated within the two-layer model of the Earth with ρ¯man (or N¯
man
e ) and ρ¯c (or N¯
c
e )
for a given neutrino trajectory determined using the PREM (or the Stacey) model, repro-
duces with a remarkably high precision the corresponding probability, calculated by solving
numerically the relevant system of evolution equations with the much more sophisticated
Earth density profile of the PREM (or Stacey) model.
In the two-layer model, the oscillations of atmospheric neutrinos crossing only the Earth
mantle (but not the Earth core), correspond to oscillations in matter with constant density.
The relevant expressions for P2ν , κ and A2ν(ντ → ντ ) are given by (see, e.g., ref. [46]):
P2ν(∆m
2
31, θ13;E, θn) = sin
2
(
∆M2L
4E
)
sin2 2θ′m, (14)
κ ∼= 1
2
[
∆m231
2E
L+
√
2GF N¯
man
e L−
∆M2L
2E
], (15)
A2ν(ντ → ντ ) = 1 +
(
e−i
∆M2L
2E − 1
)
cos2 θ′m (16)
3Let us note that because of the approximate spherical symmetry of the Earth, a given neutrino trajectory
through the Earth is completely specified by its Nadir angle.
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Here
∆M2 = ∆m231
√√√√(1− ρ¯man
ρresman
)2
cos2 2θ13 + sin
2 2θ13 , (17)
is the mass difference between the two mass-eigenstate neutrinos in the mantle, θ′m is the
mixing angle in the mantle,
sin2 2θ′m =
sin2 2θ13
(1− ρ¯man
ρresman
)2 cos2 2θ13 + sin
2 2θ13
, (18)
L is the distance the neutrino travels in the mantle, ρ¯man and ρ
res
man are the mean density
along the neutrino trajectory and the resonance density in the mantle,
ρresman =
∆m231 cos 2θ13
2E
√
2GFY mane
mN . (19)
For a neutrino trajectory which is specified by a given Nadir angle θn we have:
L = 2R⊕ cos θn (20)
where R⊕ = 6371 km is the Earth radius (in the PREM [60] and Stacey [59] models)
4.
Consider for definiteness the case of ∆m231 > 0. It follows from eqs. (11) and (12) that
the oscillation effects of interest will be maximal if P2ν ∼= 1. The latter is possible provided
i) the well-known resonance condition [38, 39], leading to sin2 2θm ∼= 1, is fulfilled, and ii)
cos
(
∆M2L
2E
) ∼= −1. Given the values of ρ¯man and Y mane , or the value of N¯mane , the first
condition determines the neutrino energy at which P2ν can be enhanced:
Eres ∼= 6.6
(
∆m231
10−3 eV2
)(
NAcm
−3
N¯mane
)
cos 2θ13 GeV . (21)
If the first condition is satisfied, the second determines the length of the path of the neutrinos
in the mantle for which one can have P2ν ∼= 1:(
∆M2L
2E
)
res
∼= 1.2pi tan 2θ13
(
N¯mane
NAcm−3
)(
L
104 km
)
= pi, (22)
Taking ∆m231
∼= (2.0 − 3.0) × 10−3 eV2, N¯mane ∼= 2 NAcm−3 and cos 2θ13 ∼= 1 one finds from
eq. (21): Eres ∼= (6.6− 10.0) GeV. The width of the resonance in E, 2δE, is determined, as
is well-known, by tan 2θ13: δE/Eres ∼ tan 2θ13. For sin2 θ13 ∼ (0.01 − 0.05), the resonance
is relatively wide in the neutrino energy: δE/Eres ∼= (0.27 − 0.40). Equation (22) implies
that for sin2 θ13 = 0.05 (0.025) and N¯
man
e
∼= 2.2 NAcm−3, one can have P2ν ∼= 1 only if
L ∼= 8000 (10000) km.
It follows from the above simple analysis [33] that the Earth matter effects can amplify
P2ν significantly when the neutrinos cross only the mantle i) for E ∼ (6 − 11) GeV, i.e., in
the multi-GeV range of neutrino energies, and ii) only for sufficiently long neutrino paths in
4Neutrinos cross only the Earth mantle on the way to the detector if θn >∼ 33.17o.
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the mantle, i.e., for cos θn >∼ 0.3. The magnitude of the matter effects of interest increases
with increasing of sin2 θ13.
In the case of atmospheric neutrinos crossing the Earth core, new resonant effects become
apparent. For sin2 θ13 < 0.05 and ∆m
2
31 > 0, we can have P2ν
∼= 1 only due to the effect of
maximal constructive interference between the amplitudes of the the νe → ν ′τ transitions in
the Earth mantle and in the Earth core [29, 49, 50]. The effect differs from the MSW one [29]
and the enhancement happens in the case of interest at a value of the energy between the
resonance energies corresponding to the density in the mantle and that of the core. The
mantle-core enhancement effect is caused by the existence (for a given neutrino trajectory
through the Earth core) of points of resonance-like total neutrino conversion, P2ν = 1, in the
corresponding space of neutrino oscillation parameters [49, 50]. The points where P2ν = 1
are determined by the conditions [49, 50]:
tanφ′ ±
√ − cos 2θ′′m
cos(2θ′′m − 4θ′m)
, tanφ′′ = ± cos 2θ
′
m√
− cos 2θ′′m cos(2θ′′m − 4θ′m)
, (23)
where the signs are correlated and cos 2θ′′m cos(2θ
′′
m−4θ′m) ≤ 0. In eq. (23) 2φ′ and 2φ′′ are the
oscillation phases (phase differences) accumulated by the (two) neutrino states after crossing
respectively the first mantle layer and the core, and θ′′m is the neutrino mixing angle in the
core. A rather complete set of values of ∆m231/E and sin
2 2θ13 for which both conditions
in eq. (23) hold and P2ν = 1 for the Earth core-crossing atmospheric νµ and νe having
trajectories with Nadir angle θn = 0; 13
0; 230; 300 was found in ref. [50]. The location of
these points determines the regions where P2ν is large, P2ν >∼ 0.5. These regions vary slowly
with the Nadir angle, they are remarkably wide in the Nadir angle and are rather wide in
the neutrino energy [50], so that the transitions of interest produce noticeable effects: we
have δE/E ∼= 0.3 for the values of sin2 θ13 of interest [30, 50].
For sin2 θ13 < 0.05, there are two sets of values of ∆m
2
31 and sin
2 θ13 for which eq. (23)
is fulfilled and P2ν = 1. These two solutions of eq. (23) occur for, e.g., θn = 0; 13
0; 230,
at 1) sin2 2θ13 = 0.034; 0.039; 0.051, ∆m
2
31/E = 7.2; 7.0; 6.5 × 10−7 eV2/MeV, and at
2) sin2 2θ13 = 0.15; 0.17; 0.22, ∆m
2
31/E = 4.8; 4.5; 3.8 × 10−7 eV2/MeV (see Table 2
in ref. [50]). The first solution corresponds to [29] cos 2φ′ ∼= −1, cos 2φ′′ ∼= −1 and 5
sin2(2θ′′m − 4θ′m) = 1. For ∆m231 = 2.0 (3.0) × 10−3 eV2, the total neutrino conversion
occurs in the case of the first solution at E ∼= (2.8 − 3.1) GeV (E ∼= (4.2− 4.7) GeV). The
values of sin2 2θ13 at which the second solution takes place are marginally allowed. If, e.g.,
∆m231 = 2.5 × 10−3 eV2, one has P2ν = 1 for this solution for a given θn in the interval
0 <∼ θn <∼ 230 at E lying in the interval E ∼= (5.3− 6.7) GeV.
The effects of the mantle-core enhancement of P2ν (or P¯2ν) increase rapidly with sin
2 2θ13
as long as sin2 2θ13 <∼ 0.06, and should exhibit a rather weak dependence on sin2 2θ13 for
0.06 <∼ sin2 2θ13 < 0.19. If 3-neutrino oscillations of atmospheric neutrinos take place,
the magnitude of the matter effects in the multi-GeV µ−like and e−like event samples,
produced by neutrinos crossing the Earth core, should be larger than in the event samples
due to neutrinos crossing only the Earth mantle (but not the core). This is a consequence of
the fact that in the energy range of interest the atmospheric neutrino fluxes decrease rather
5The term “neutrino oscillation length resonance” (NOLR) was used in ref. [29] to denote the mantle-core
enhancement effect in this case.
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rapidly with energy - approximately as E−2.7, while the neutrino interaction cross section
rises only linearly with E, and that the maximum of P2ν (or P¯2ν) due to the resonance-
like mantle-core interference effect takes place at approximately two times smaller energies
than that due to the MSW effect for neutrinos crossing only the Earth mantle (e.g., at
E ∼= (3.5− 3.9) GeV and E ∼= 8.3 GeV, respectively, for ∆m231 = 2.5× 10−3 eV2).
The same results, eqs. (21) and (22), and conclusions are valid for the antineutrino oscil-
lation probability P¯2ν in the case of ∆m
2
31 < 0. As a consequence, a preferable detector for
distinguishing the type of mass hierarchy would be the one with muon charge discrimination,
such that neutrino interactions can be distinguished from those due to antineutrinos.
3 Results
It follows from the preceding analysis that in the case of detectors with muon charge
identification, as observable which is most sensitive to the Earth matter effects, and thus
to the value of sin2 θ13 and the sign of ∆m
2
31, as well as to sin
2 θ23, we can consider the
Nadir-angle (θn) distribution of the ratio N(µ
−)/N(µ+) of the multi-GeV µ− and µ+ event
rates, or equivalently the Nadir-angle distribution of the µ− − µ+ event rate asymmetry
Aµ−µ+ =
N(µ−)−N(µ+)
N(µ−) +N(µ+)
. (24)
We have obtained predictions for the cos θn distribution of the ratio N(µ
−)/N(µ+) and the
asymmetry Aµ−µ+ in the case of 3-neutrino oscillations of the atmospheric νµ, ν¯µ, νe and ν¯e,
both for neutrino mass spectra with normal (∆m231 > 0) and inverted (∆m
2
31 < 0) hierarchy,
and for sin2 θ23 = 0.64; 0.50; 0.36, and sin
2 2θ13 = 0.05; 0.10. These are compared with
the predicted Nadir-angle distributions of the same ratio and asymmetry in the case of 2-
neutrino (sin2 θ13 = 0) vacuum νµ → ντ and ν¯µ → ν¯τ oscillations of the atmospheric νµ and
ν¯µ, A
2ν
µ−µ+ .
In the calculations we have used the predictions for the Nadir angle and energy distribu-
tions of the atmospheric neutrino fluxes given in ref. [58]. The interactions of the atmospheric
neutrinos are described by taking into account only the νµ and ν¯µ deep inelastic scattering
(DIS) cross sections. The latter are calculated using the GRV94 parton distributions given
in ref. [62]. We present here results for the asymmetry Aµ−µ+
6. They are shown graph-
ically in Figs. 1 - 9. The figures correspond to three different intervals of integration over
the energies of the atmospheric νµ and ν¯µ, and of the µ
− and µ+ they produce in the de-
tector, E = [2, 10], [2, 20], [5, 20] GeV, and 7 thus to three different possible event samples.
Figures 1 - 4 show the the asymmetries Aµ−µ+ and A
2ν
µ−µ+ as functions of cos θn for two
“reference” values of |∆m231|, ∆m231 = ±2 × 10−3 eV2 and ∆m231 = ±3 × 10−3 eV2, while in
6It is interesting to note that the ratio N(µ−)/N(µ+) exhibits essentially the same dependence on
cos θn as the asymmetry Aµ−µ+ . This is a consequence of the special form of the dependence of Aµ−µ+
on N(µ−)/N(µ+) and of the fact that typically one finds N(µ−)/N(µ+) ∼ (1.5 − 2.4) for the ranges of
the values of the parameters of interest. Correspondingly, the following approximate relation holds (within
∼ 20% and typically with much higher precision) for the range of values of the parameters of interest:
N(µ−)/N(µ+) ∼= 6 Aµ−µ+ .
7The iron-magnetized calorimeter detectors allow to reconstruct with a certain precision the initial neu-
trino energy as well, see refs. [41, 47, 48].
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Figs. 5 - 9 we present results for the asymmetries in the rates of the multi-GeV µ− and µ+
events, integrated over cos θn in the intervals [0.30,0.84] (mantle bin) and [0.84,10] (core bin),
A¯µ−µ+ and A¯
2ν
µ−µ+ . The dependence of the latter on sin
2 2θ13 for ∆m
2
31 = ±2 × 10−3 eV2,
and on ∆m231 for sin
2 2θ13 = 0.10, is shown for three values of sin
2 θ23 = 0.36; 0.50; 0.64.
As Figs. 1 - 9 indicate, the Earth matter effects can produce a noticeable deviations
of Aµ−µ+ from the 2-neutrino vacuum oscillation asymmetry A
2ν
µ−µ+ at cos θn
>∼ 0.3. As a
quantitative measure of the magnitude of the matter effects one can use the deviation of the
asymmetry Aµ−µ+ in the case of 3-neutrino oscillations, sin
2 2θ13 6= 0, sin2 2θ13 >∼ 0.04, from
the asymmetry, A2νµ−µ+ , predicted in the case of 2-neutrino oscillations, i.e., for sin
2 2θ13 = 0,
or the relative difference between the two asymmetries,
∆ =
Aµ−µ+ − A2νµ−µ+
A2νµ−µ+
. (25)
The magnitude of the matter effects, or the relative difference ∆, depends critically on the
value of sin2 θ23: |∆| increases rapidly with the increasing of sin2 θ23. This is clearly seen
in Figs. 1 - 9. The matter effects in Aµ−µ+ are hardly observable for sin
2 θ23 <∼ 0.30. For
cos θn ≤ 0.84, i.e., in the mantle bin, the asymmetry difference |∆| increases practically
linearly with sin2 2θ13. In the case of 0.84 ≤ cos θn ≤ 1.0, i.e., in the core bin, |∆| increases
rapidly with sin2 2θ13 until the latter reaches the value of sin
2 2θ13 ∼= 0.06. For values of
sin2 2θ13 ∼= (0.06−0.15), ∆ is essentially independent of sin2 2θ13 and is given by its value at
sin2 2θ13 ∼= 0.06 (Figs. 5 - 9). The magnitude of the asymmetry difference ∆ depends weakly
on ∆m231 taking values in the interval ∼ (2−3)×10−3 eV2, as long as the energy integration
interval is sufficiently wide to include the energy regions where the Earth matter effects
enhance strongly the subdominant transition probabilities. If this is not the case, a noticeable
dependence on ∆m231 can be present. This is illustrated e.g, in Fig. 5, which corresponds to
E = [2, 10] GeV. The asymmetry difference in the mantle bin diminishes monotonically as
|∆m231| increases starting from the value of ∼ 1.3 × 10−3 eV2 and becomes rather small at
|∆m231| >∼ 3×10−3 eV2. This behavior can be easily understood: for |∆m231| ∼= 2×10−3 eV2,
the region of enhancement of the subdominant neutrino oscillations lies in the region of
energy integration, while for |∆m231| > 3 × 10−3 eV2 the enhancement region is practically
outside the region of integration over the neutrino energy.
For the ranges considered of the three oscillation parameters, sin2 θ23, sin
2 2θ13 and
|∆m231|, the magnitude of the asymmetry difference |∆| depends weakly on the maximal
neutrino (and muon) energy, Emax, for the chosen event sample as long as Emax >∼ 10 GeV.
By increasing the minimal energy of the neutrinos contributing to the event sample, Emin,
from 2 GeV to, e.g., 5 GeV, one could diminish the asymmetry in the core bin substantially
(Fig. 4). In that case, a large fraction of the region of enhancement is not included within
the interval of integration.
For sin2 θ23 >∼ 0.50, sin2 2θ13 >∼ 0.06 and |∆m231| = (2− 3)× 10−3 eV2, the Earth matter
effects produce an integrated asymmetry difference |∆| which is bigger than approximately
∼ 15%, can reach the values of (30− 35)% (Figs. 5 - 9), and thus can be sufficiently large to
be observable. As Figs. 5 - 9 clearly show, the sign of the relative difference of the integrated
asymmetries is anticorrelated with the sign of ∆m231: for ∆m
2
31 > 0 we have Aµ−µ+ < A
2ν
µ−µ+ ,
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while for ∆m231 < 0, the inequality Aµ−µ+ > A
2ν
µ−µ+ holds
8. Therefore the measurement
of Aµ−µ+ can provide a direct information on the sign of ∆m
2
31, i.e., on the neutrino mass
hierarchy.
It follows from Figs. 1- 4 that the deviations of the asymmetry Aµ−µ+ from the 2-neutrino
oscillation one, A2νµ−µ+ , are maximal typically i) in the “core bin”, cos θn = [0.84− 1.0], and
ii) at cos θn ∼ 0.50 in the “mantle bin”, cos θn ≤ 0.84. For ∆m231 = 2× 10−3 eV2, sin2 θ23 =
0.50 (0.64) and E = [2, 10] GeV (Fig. 1), we have at cos θn ∼ 0.50 and sin2 2θ13 = 0.05:
A2νµ−µ+
∼= 0.29, while the matter effects lead to Aµ−µ+ ∼= 0.25 (0.24). This corresponds to a
negative relative difference between A(µ−µ+) and A2ν(µ−µ+), ∆ < 0, and |∆| ∼ 14% (17%).
For sin2 2θ13 = 0.10, one finds ∆ ∼ −28% (34%). The relative difference ∆ in the core
bin is also negative and |∆| has similar or larger values. For E in the interval E = [5, 20]
GeV (Fig. 4), we get at cos θn ∼ 0.50 for ∆m231 = 3 × 10−3 eV2, sin2 2θ13 = 0.10 and
sin2 θ23 = 0.64: A
2ν
µ−µ+
∼= 0.25, Aµ−µ+ ∼= 0.075, and a relative difference between the two
asymmetries ∆ ∼= −70%.
Our results show that the Earth matter effects in the Nadir-angle distribution of the ratio
N(µ−)/N(µ+) of the rates of multi-GeV µ− and µ+ events, or equivalently in the Nadir-angle
distribution of the µ− − µ+ event rate asymmetry Aµ−µ+ , eq. (24), can be sufficiently large
to be observable in the current and planned experiments with iron magnetized calorimeter
detectors which have muon charge identification capabilities (MINOS, INO, etc.).
4 Conclusions
We have studied the possibilities to obtain information on the values of sin2 θ13 and
sin2 θ23, and on the sign of ∆m
2
31 using the data on atmospheric neutrinos, which can be
obtained in experiments with detectors able to measure the charge of the muon produced
in the charged current (CC) reaction by atmospheric νµ or ν¯µ (MINOS, INO, etc). The
indicated oscillation parameters control the magnitude of the Earth matter effects in the
subdominant oscillations, νµ → νe (νe → νµ) and ν¯µ → ν¯e (ν¯e → ν¯µ), of the multi-GeV
(E ∼ (2 − 10) GeV) atmospheric neutrinos. As observable which is most sensitive to the
Earth matter effects, and thus to the value of sin2 θ13 and and the sign of ∆m
2
31, as well as to
sin2 θ23, we have considered the Nadir-angle (θn) distribution of the ratio N(µ
−)/N(µ+) of
the multi-GeV µ− and µ+ event rates, and the corresponding µ−−µ+ event rate asymmetry
Aµ−µ+ , eq. (24). The systematic uncertainty, in particular, in the Nadir angle dependence
of N(µ−)/N(µ+) and of the asymmetry Aµ−µ+ , can be smaller than those on the measured
Nadir angle distributions of the rates of µ− and µ+ events, N(µ−) and N(µ+). We have
obtained predictions for the cos θn distribution of the asymmetry Aµ−µ+ (and of the ratio
N(µ−)/N(µ+)) in the case of 3-neutrino oscillations of the atmospheric νµ, ν¯µ, νe and ν¯e,
both for neutrino mass spectra with normal (∆m231 > 0) and inverted (∆m
2
31 < 0) hierarchy,
and for sin2 θ23 = 0.64; 0.50; 0.36, and sin
2 2θ13 = 0.05; 0.10. These are compared with the
predicted Nadir-angle distribution of the same ratio and asymmetry in the case of 2-neutrino
(sin2 θ13 = 0) vacuum νµ → ντ and ν¯µ → ν¯τ oscillations of the atmospheric νµ and ν¯µ, A2νµ−µ+ .
8Note that A2ν
µ−µ+
> 0. This is a consequence of the fact that the νµ DIS cross section is approximately
by a factor 2 bigger than the ν¯µ DIS cross section and that the fluxes of atmospheric νµ and ν¯µ, (νe and ν¯e)
do not differ considerably.
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Our results are summarized in Figs. 1 - 9. Figures 1 - 4 show the dependence of the
asymmetries Aµ−µ+ and A
2ν
µ−µ+ on cos θn for two “reference” values of |∆m231|, ∆m231 =
±2× 10−3 eV2 and ∆m231 = ±3 × 10−3 eV2, and for three possible ranges of energies of the
atmospheric neutrinos, contributing to the event rates of interest, E = [2, 10], [2, 20], [5, 20]
GeV. In Figs. 5 - 9 we present results for the asymmetries in the rates of the multi-GeV µ−
and µ+ events, integrated over cos θn in the intervals [0.30,0.84] (mantle bin) and [0.84,10]
(core bin). We find that for sin2 θ23 >∼ 0.50, sin2 2θ13 >∼ 0.06 and |∆m231| = (2−3)×10−3 eV2,
the Earth matter effects produce a relative difference between the integrated asymmetries
A¯µ−µ+ and A¯
2ν
µ−µ+ which is bigger in absolute value than approximately ∼ 15%, can reach the
values of (30−35)% (Figs. 5 - 9), and thus can be sufficiently large to be observable. As our
results show (Figs. 5 - 9), the sign of the indicated asymmetry difference, (A¯µ−µ+ − A¯2νµ−µ+),
is directly related to the sign of ∆m231: for ∆m
2
31 > 0 we have (A¯µ−µ+ − A¯2νµ−µ+) < 0, while
if ∆m231 < 0 then (A¯µ−µ+ − A¯2νµ−µ+) > 0 Therefore the measurement of the Nadir angle
dependence of Aµ−µ+ , or of the value of A¯µ−µ+ in the mantle and/or in the core bins, can
provide a direct information on the sign of ∆m231, i.e., on the neutrino mass hierarchy.
To summarize, the studies of the oscillations of the multi-GeV atmospheric νµ and ν¯µ
in experiments with detectors having good muon charge identification capabilities (MINOS,
INO, etc.), can provide fundamental information on the values of sin2 θ13 and sin
2 θ23, and
on the sign of ∆m231, i.e., on the neutrino mass hierarchy.
Acknowledgments
We are indebted to J. Bernabe´u, T. Kajita, A. Mann and S. Wojcicki for useful discussions.
S.T.P. would like to thank Prof. T. Kugo, Prof. M. Nojiri and the other members of the
Yukawa Institute for Theoretical Physics (YITP), Kyoto, Japan, where part of the work on
this article was done, for the kind hospitality extended to him. S.P.-R. would like to thank
the Theory Division at CERN for hospitality during the final completion of this work. This
work is supported in part by the Italian INFN under the programs “Fisica Astroparticellare”
(S.T.P.) and by NASA grant NAG5-13399 (S.P.-R.).
References
[1] B. T. Cleveland et al., Astrophys. J. 496, 505 (1998);
Y. Fukuda et al. [Kamiokande Collaboration], Phys. Rev. Lett. 77 (1996) 1683;
J. N. Abdurashitov et al. [SAGE Collaboration], J. Exp. Theor. Phys. 95 (2002) 181
[Zh. Eksp. Teor. Fiz. 122 (2002) 211].
W. Hampel et al. [GALLEX Collaboration], Phys. Lett. B 447, 127 (1999); T. Kirsten,
Nucl. Phys. B (Proc. Suppl.) 118 (2003) 33.
[2] S. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 86 (2001) 5651
and 5656.
[3] Q. R. Ahmad et al. [SNO Collaboration], Phys. Rev. Lett. 87 (2001) 071301.
15
[4] Q. R. Ahmad et al. [SNO Collaboration], Phys. Rev. Lett. 89 (2002) 011301 and
011302.
[5] S. N. Ahmed et al. [SNO Collaboration], Phys. Rev. Lett. 92 (2004) 181301.
[6] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 81 (1998) 1562.
[7] K. Eguchi et al. [KamLAND Collaboration], Phys. Rev. Lett. 90 (2003) 021802.
[8] M. H. Ahn et al. [K2K Collaboration], Phys. Rev. Lett. 90 (2003) 041801.
[9] B. Pontecorvo, Zh. Eksp. Teor. Fiz. 53, 1717 (1967) [Sov. Phys. JETP 26, 984 (1968)].
[10] S. M. Bilenky and B. Pontecorvo, Phys. Rep. 41, 225 (1978).
[11] S.M. Bilenky and S.T. Petcov, Rev. Mod. Phys. 59 (1987) 671.
[12] S.T. Petcov, Lecture Notes in Physics, v. 512 (eds. H. Gausterer and C.B. Lang,
Springer, 1998), p. 281, hep-ph/9806466.
[13] M. Ishitsuka et al. [Super-Kamiokande Collaboration], Talk given at the Int. Workshop
on Neutrino Oscillations and their Origin (NOON2004), February 11 - 15, 2004, Tokyo,
Japan.
[14] S. M. Bilenky, C. Giunti and W. Grimus, Prog. Part. Nucl. Phys. 43 (1999) 1.
[15] B. Pontecorvo, Zh. Eksp. Teor. Fiz. 33 (1957) 549 and 34 (1958) 247; Z. Maki, M. Nak-
agawa and S. Sakata, Prog. Theor. Phys. 28 (1962) 870.
[16] S. M. Bilenky et al., Phys. Lett. B94 (1980) 495.
[17] M. Doi et al., Phys. Lett. B 102 (1981) 323; J. Bernabe´u and P. Pascual, Nucl. Phys.
B 228 (1983) 21.
[18] P. Langacker et al., Nucl. Phys. B 282 (1987) 589.
[19] M. Apollonio et al., Phys. Lett. B 466 (1999) 415.
[20] F. Boehm et al., Phys. Rev. Lett. 84 (2000) 3764 and Phys. Rev. D 62 (2000) 072002.
[21] A. Bandyopadhyay et al., Phys. Lett. B 581 (2004) 62.
[22] A.B. Balantekin and H. Yuksel, Phys. Rev. D 68 (2003) 113002; M. Maltoni et al.,
Phys. Rev. D 68 (2003) 113010; P. Aliani et al., hep-ph/0309156.
[23] M. Maris and S. T. Petcov, Phys. Lett. B 534 (2002) 17.
[24] C. Saji et al. [Super-Kamiokande Collaboration], Talk given at the Int. Workshop on
Neutrino Oscillations and their Origin (NOON2004), February 11 - 15, 2004, Tokyo,
Japan.
[25] G. L. Fogli et al., Phys. Rev. D 69 (2004) 017301.
16
[26] G.L. Fogli et al., Phys. Rev. D 67 (2003) 093006.
[27] S. M. Bilenky, D. Nicolo and S. T. Petcov, Phys. Lett. B 538 (2002) 77.
[28] M.C. Gonza´lez-Garc´ıa, Talk given at the Int. Workshop on Neutrino Oscillations and
their Origin (NOON2004), February 11 - 15, 2004, Tokyo, Japan.
[29] S. T. Petcov, Phys. Lett. B 434 (1998) 321, (E) ibid. B 444 (1998) 584.
[30] S. T. Petcov, Nucl. Phys. B (Proc. Suppl.) 77 (1999) 93, hep-ph/9809587,
hep-ph/9811205 and hep-ph/9907216; M. V. Chizhov, M. Maris and S. T. Petcov,
hep-ph/9810501.
[31] A. De Ru´jula, M. B. Gavela and P. Herna´ndez, Nucl. Phys. B 547, 21 (1999); V. Barger
et al., Phys. Rev. D 62, 013004 (2000).
[32] M. Freund et al., Nucl. Phys. B 578 (2000) 27.
[33] M. C. Ban˜uls, G. Barenboim and J. Bernabe´u, Phys. Lett. B 513, 391 (2001);
J. Bernabe´u and S. Palomares-Ruiz, hep-ph/0112002, and Nucl. Phys. Proc. Suppl.
110, 339 (2002), hep-ph/0201090.
[34] P. I. Krastev and S. T. Petcov, Phys. Lett. B 205 (1988) 84.
[35] J. Arafune and J. Sato, Phys. Rev. D 55 (1997) 1653; J. Bernabe´u, Proc. WIN’99,
World Scientific (2000), p. 227, hep-ph/9904474; M. Freund, M. Lindner and A. Ro-
manino, Nucl. Phys. B 562 (1999) 29; J. Bernabe´u and M. C. Ban˜uls, Nucl. Phys.
Proc. Suppl. 87 (2000) 315, hep-ph/0003299.
[36] S. M. Bilenky, S. Pascoli and S. T. Petcov, Phys. Rev. D 64 (2001) 053010;
S. M. Bilenky et al., Phys. Lett. B 465 (1999) 193;
[37] L. Wolfenstein, Phys. Rev. D 17, 2369 (1978), and ibid. D 20, 2634 (1979).
[38] V. Barger et al., Phys. Rev. D 22, 2718 (1980).
[39] S. P. Mikheyev and A. Yu. Smirnov, Yad. Fiz. 42, 1441 (1985) [Sov. J. Nucl. Phys.
42, 913 (1985)].
[40] S. Pascoli and S. T. Petcov, Phys. Lett. B 544 (2002) 239, and Phys. Lett. B 580
(2004) 280; S. Pascoli, S. T. Petcov and W. Rodejohann, Phys. Lett. B 558 (2003)
141; S. Pascoli, S.T. Petcov and L. Wolfenstein, Phys. Lett. B 524 (2002) 319.
[41] D. Michael (MINOS Collaboration), Nucl. Phys. B (Proc. Suppl.) 118 (2003) 189.
[42] M. Komatsu, P. Migliozzi and F. Terranova, J. Phys. G 29 (2003) 443.
[43] M. Spiro, Nucl. Phys. B (Proc. Suppl.) 118 (2003) 413.
[44] V. Barger, D. Marfatia and K. Whisnant, Phys. Lett. B 560 (2003) 75; P. Huber,
M. Lindner and W. Winter, Nucl. Phys. B 654 (2003) 3.
17
[45] S. T. Petcov and M. Piai, Phys. Lett. B 533 (2002) 94; S. Choubey, S. T. Petcov and
M. Piai, Phys. Rev. D 68 (2003) 093007.
[46] J. Bernabe´u, S. Palomares-Ruiz and S. T. Petcov, Nucl. Phys. B 669 (2003) 255.
[47] G. Rajasekaran, hep-ph/0402246.
[48] N.Y. Ahafonova et al. [MONOLITH Collaboration], proposal LNGS-P26-2000, and
http://castore.mi.infn.it/∼monolith/.
[49] M. V. Chizhov and S.T. Petcov, Phys. Rev. Lett. 83 (1999) 1096, and Phys. Rev. Lett.
85 (2000) 3979.
[50] M. V. Chizhov and S. T. Petcov, Phys. Rev. D 63 (2001) 073003.
[51] J. Bernabe´u et al., Phys. Lett. B 531, 90 (2002); S. Palomares-Ruiz and J. Bernabe´u,
hep-ph/0312038.
[52] M. C. Gonza´lez-Garc´ıa and M. Maltoni, Eur. Phys. J. C 26 (2003) 417
[53] T. Tabarelli de Fatis, Eur. Phys. J. C 24 (2002) 43.
[54] T. Kajita et al. [Super-Kamiokande Collaboration], Talk given at the Int. Workshop on
Neutrino Oscillations and their Origin (NOON2004), February 11 - 15, 2004, Tokyo,
Japan.
[55] S. T. Petcov, Phys. Lett. B 214, 259 (1988).
[56] M. Honda et al., Phys. Rev. D 52, 4985 (1995).
[57] V. Agraval et al., Phys. Rev. D 53, 1314 (1996).
[58] G. Fiorentini, V. A. Naumov and F. L. Villante, Phys. Lett. B 578 (2000) 27.
[59] F. D. Stacey, Physics of the Earth, 2nd edition, John Wiley and Sons, London, New
York, 1977.
[60] A. D. Dziewonski and D. L. Anderson, Physics of the Earth and Planetary Interiors
25, 297 (1981).
[61] M. Maris and S. T. Petcov, Phys. Rev. D 56 (1997) 7444.
[62] M. Gluck, E. Reya and A. Vogt, Z. Phys. C 67 (1995) 433.
18
0.2
0.25
0.3
0.35
0.4
0.45
0.2
0.25
0.3
0.35
0.4
0.45
0 0.2 0.4 0.6 0.8 1
cosθ
n
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0 0.2 0.4 0.6 0.8 1
cosθ
n
Figure 1: The Nadir angle distribution of the charge asymmetry, Aµ−µ+ , eq. (24), of the
multi-GeV µ− and µ+ event rates, integrated over the neutrino (and muon) energy in the
interval E = (2.0 − 10.0) GeV, in the cases i) of 2-neutrino νµ → ντ and ν¯µ → ν¯τ os-
cillations in vacuum of the atmospheric νµ and ν¯µ and no νe and ν¯e oscillations, A
2ν
µ−µ+
(solid lines), ii) 3-neutrino oscillations of νµ, ν¯µ νe and ν¯e in the Earth and neutrino
mass spectrum with normal hierarchy (A3νµ−µ+)NH (dashed lines), or with inverted hier-
archy, (A3νµ−µ+)IH (dotted lines). The results shown are for |∆m231| = 2 × 10−3 eV2,
sin2 θ23 = 0.36 (upper panels); 0.50 (middle panels); 0.64 (lower panels), and sin
2 2θ13 =
0.05 (left panels); 0.10 (right panels).
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Figure 2: The same as in Fig. 1, but for µ− and µ+ event rates integrated over the neutrino
(and muon) energy in the interval E = (2.0− 20.0) GeV.
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Figure 3: The same as in Fig. 1, but for µ− and µ+ event rates integrated over the neutrino
(and muon) energy in the interval E = (2.0− 20.0) GeV and |∆m231| = 3× 10−3 eV2.
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Figure 4: The same as in Fig. 1, but for µ− and µ+ event rates integrated over the neutrino
(and muon) energy in the interval E = (5.0− 20.0) GeV and for |∆m231| = 3× 10−3 eV2.
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Figure 5: The charge asymmetry Aµ−µ+ of the multi-GeV µ
− and µ+ event rates, in-
tegrated over the neutrino (and muon) energy in the interval E = (2.0 − 10.0) GeV
and over the Nadir angle in the interval corresponding to 0.30 ≤ cos θn ≤ 0.84 (man-
tle bin), as function i) of sin2 2θ13 for |∆m231| = 2 × 10−3 eV2 (left panels), and ii)
of |∆m231| for sin2 2θ13 = 0.10 (right panels): A2νµ−µ+ (solid lines), (A3νµ−µ+)NH (dashed
lines) and (A3νµ−µ+)IH (dotted lines). The results shown are obtained for sin
2 θ23 =
0.36 (upper panels); 0.50 (middle panels); 0.64 (lower panels).
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Figure 6: The same as in Fig. 5, but for µ− and µ+ event rates integrated over the Nadir
angle in the interval corresponding to 0.84 ≤ cos θn ≤ 1.00 (core bin).
24
0.2
0.25
0.3
0.35
0.4
0.45
0.2
0.25
0.3
0.35
0.4
0.45
0 0.03 0.06 0.09 0.12 0.15
sin22θ13
0.2
0.25
0.3
0.35
0.4
0.15
0.45
1 1.5 2 2.5 3 3.5 4
|∆m231|  [10
-3
 eV2]
Figure 7: The same as in Fig. 5, but for |∆m231| = 3× 10−3 eV2 and µ− and µ+ event rates,
integrated over the neutrino (and muon) energy in the interval E = (2.0− 20.0) GeV.
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Figure 8: The same as in Fig. 5, but for |∆m231| = 3× 10−3 eV2 and µ− and µ+ event rates,
integrated over the neutrino (and muon) energy in the interval E = (2.0 − 20.0) GeV and
over the Nadir angle in the interval corresponding to 0.84 ≤ cos θn ≤ 1.00 (core bin).
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Figure 9: The same as in Fig. 5, but for µ− and µ+ event rates integrated over the neutrino
(and muon) energy in the interval E = (5.0− 20.0) GeV, and for |∆m231| = 3× 10−3 eV2.
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